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ABSTRACT
We introduce and study new integrable models (IMs) of A(1)n -Non-Abelian Toda type
which admit U(1) ⊗ U(1) charged topological solitons. They correspond to the symmetry
breaking SU(n + 1) ! SU(2) ⊗ SU(2) ⊗ U(1)n−2 and are conjectured to describe charged
dyonic domain walls of N = 1 SU(n + 1) SUSY gauge theory in large n limit. It is shown
that this family of relativistic IMs corresponds to the rst negative grade q = −1 member
of a dyonic hierarchy of generalized cKP type. The explicit relation between the 1-soliton
solutions (and the conserved charges as well ) of the IMs of grades q = −1 and q = 2
is found. The properties of the IMs corresponding to more general symmetry breaking
SU(n+1) ! SU(2)⊗p⊗U(1)n−p as well as IM with global SU(2) symmetries are discussed.
1cabrera@ift.unesp.br, jfg@ift.unesp.br, sotkov@ift.unesp.br, zimerman@ift.unesp.br
1 Introduction
Topological solitons of two dimensional N = 2 SUSY abelian ane An-Toda models are
known to describe certain domain walls (DW) solutions of four dimensional N = 1 SUSY
SU(n + 1) gauge theory [1], [2]. According to Witten’s arguments [3], for large n this
SUSY gauge theory should coincide with the ordinary (non SUSY) QCD. It is therefore
reasonable to relate the DW of the (non SUSY) SU(n + 1) Yang-Mills-Higgs type (YMH)
model (for large n and maximal symmetry breaking SU(n+ 1) ! U(1)n ) to the solitons of
the corresponding non supersymmetric abelian ane An-Toda theory for n!1. Together
with these simple DW (with no internal structure), the superstring description of 4-D gauge
theories [2], [4] provides examples of, say, U(1), (or U(1)l; l  n) charged DW of dyonic
type or DW that requires non maximal breaking of SU(n+ 1) to SU(l)⊗U(1)n−l+1 [5], etc.
Hence the properties of the abelian ane Toda solitons (and their N = 2 SUSY versions )
are not sucient to describe such dyonic DW carring internal charges - U(1)l or even non-
abelian, say SU(2), etc. It is natural to expect appropriately chosen non-abelian (NA) ane
An-Toda models [6] (and their N = 2 supersymmetric extension) to be the main tool in the
description of DW with internal charges. In our recent papers [7], [8], we have suggested to
identify the electricaly charged topological solitons (and breathers) of certain singular ane
NA-Toda models as U(1) charged dyonic DW. The simplest representative of the An- family
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where kij = 2i;j − i;j−1 − i;j+1; i; j = 1;   n − 1. For imaginary coupling  ! i0 the
potential has n - distinct vacua, Z2 ⊗ Zn discrete and a global U(1) symmetry. As a conse-
quence the Integrable Model (IM) (1.1) admit both, U(1) charged and neutral, topological
solitons. The semiclassical spectrum of such dyonic solitons turns out to be quite similar to
the one of charged DW of N = 1 SU(n + 1) Supersymmetric Yang-Mills (SYM) theory for
non-maximal breaking SU(n + 1) ! SU(2)⊗ U(1)n−1.
The new family of multicharged U(1)⊗U(1) axial A(1)n (p = 2) dyonic IMs constructed in
this paper correspond to the natural generalization of the U(1)-charged A(1)n (p = 1) dyonic
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The Lagrangean (1.2) is invariant under global U(1)⊗U(1) transformations:  0a = ei2a a,
0a = e
−i2aa, ’0i = ’i; (with charges Q1 and Qn) as well as under the following discrete
Z2-transformations
 01 =  n;  
0
n =  1; 
0
1 = n; 
0
n = 1; ’
0
i = ’n−i−1; i = 1;   n− 2; (1.3)
Again, for imaginary coupling  = i0, V
p=2
n represents (n − 1) distinct zeros, Z2 ⊗ Zn−1
symmetry and now it admits three dierent kinds of 1-soliton solutions, namely:
 Neutral (of An−2 abelian Toda type) solitons [10]
 U(1) charged 1-solitons (Q1 6= 0; Qn = 0 and Qn 6= 0; Q1 = 0) of An−1(p = 1) dyonic
type [7], [8]
 New U(1) ⊗ U(1) charged 1-solitons (Q1 6= 0; Qn 6= 0, Qmag 6= 0) which appears as
bound states of the above (Q1; 0) and (0; Qn) 1-solitons.
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The above spectrum is conjectured to describe dyonic DW of SU(n + 1)N = 1 SYM for
gauge symmetry breaking SU(n + 1) ! SU(2)⊗ SU(2)⊗ U(1)n−2 [11].
As it is shown in Sect. 2, the An(p = 2) Lagrangean (1.2) can be obtained by standard
Hamiltonian reduction from the A(1)n two-loop WZW model [12] in two steps. Starting
from the G^-WZW 2 path integral, we rst integrate over the positive and negative grades
subgroups H<; H> 2 G^, dened by the grading operator Q = (n − 1)d + ∑n−1i=2 i  H and








(i.e. imposing certain constraints on the corresponding WZW currents J;  = fk; k =
2; 3;   n − 1; 2 + 3 +    + n−1g). The resulting eective action for the nonsingular
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The elds ’j; j = 1;    ; n− 2; Ra; ~ a; ~a; (a = 1; n) parametrize the nonabelian zero grade
subgroup G0 = SL(2)⊗SL(2)⊗U(1)n−2. An important feature of (1.5) is that it is invariant
under chiral U(1)⊗ U(1) local gauge transformations wa(z); wa(z) :
’0i = ’i; R
0








reflecting the fact that G0 has two dimensional -invariant subgroup G00 = f1 H; n Hg,
such that [G00 ; ] = 0. The singular A(1)n (p = 2) Lagrangean (1.2) is obtained by further
axial gauge xing of both local U(1)⊗U(1) symmetries. Similarly to the A(1)n (p = 1) models
[8], [14] one can obtain the CPT-invariant T-dual partner of the IM (1.2) by considering
vector gauge xing of the U(1) ⊗ U(1). An interesting new phenomena is the possibility to
gauge x (axial or vector ) only one U(1) subgroup of the local gauge group U(1) ⊗ U(1).
The corresponding axial intermediate A(1)n (p = 2) dyonic IM with one local U(1) and one
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(  1 1e
(R−’1) +  n ne−(R+’n−2)). Note that the denominator 0 in (1.7)
is quadratic in  a; a, i.e., similar to An(p = 1) IM (1.1), but with an extra pair of elds
 n; n and an additional local U(1) gauge symmetry:
 01 = e
−w  1; 01 = e
−w¯ 1;  0n = e




R0 = R+ w + w; ’0l = ’l:
It is important to note that both, nonsingular IM (1.5) and the intermediate one (1.7) have
the soliton solutions (3.14)-(3.18) of the singular (completely gauged) An(p = 2) IM (1.2)
as particular solutions. Their solution spectra is much complicated including also massless
solitons and solitonic strings, due to the presence of the local U(1) symmetries.
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Although all the above -model Lagrangeans (1.1), (1.2), (1.5) and (1.7) are not conformal
invariant, it is natural to interpret their conformal ane versions [9], [12] (called CAT) as
representing strings on curved background gMN(X); bMN(X) and V :
L = (gMN(X) + bMN(X)) @XM@XN − V (XL) (1.8)
where XL = ( a; a; Ra; ’l; ; ), L = 1; 2;   D = n + 6 are the string coordinates and
gMN(X) is the target space metric, bMN (X) - the antisymmetric tensor and V (X) - the
tachyonic potential. For each nonconformal IM one introduces its CAT counterpart by
adding a pair of elds (; ), that restores conformal invariance, i.e. by extending the (n+4)-
dimensional o-critical string to (n + 6)-critical one, for say n = 20. In the particular case
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Within this context the ungauged IM (1.5) (i.e. (1.9) with  = 0 = const) describes the o-
critical (i.e. relevant deformation [4]) and renormalization group flow properties of strings on
AdS3⊗ S3 ⊗ Tn−2-target space, when Rn and ’l are taken imaginary and  n; n as complex
conjugated to each other. The target space metric gMN(X) for gauge xed IMs (1.2) and
(1.7) represents both horizons and singularity and therefore could be used in the study of
the o-critical behaviour of 4-D black-holes (and black-strings) with certain additional flat
directions Xl = ’l.
This paper is organized as follows. Sect. 2 contains together with the path integral
derivation of the eective actions (1.2), (1.5) and (1.7), the corresponding zero curvature
representations as well as the proof of their classical integrability. The construction of
the new (Q1; Qn)-charged topological 1-soliton solutions of IM (1.2) is approached in two
dierent manners. In Sect. 3 we present the explicit 1-soliton solutions obtained by applying
the vacua Backlund transformation, i.e. by constructing and solving the corresponding rst
order soliton equations. The derivation of the semiclassical 1-soliton spectrum is given in
Sect. 3.4. Sect. 4 is devoted to the vertex operator ( function) method. Following the
standard \Heisenberg subalgebra" constructions (adapted to to our specic choice of Q and
), the explicit algebraic form (4.18) - (4.21) of the four dierent type (\neutral" and
\charged") soliton vertex operators is obtained. For example, the (Q1; Qn)-charged 1-soliton
is represented by specic composite 4- vertex operator. The corresponding G0 -  -functions
0; j; j = 1;   n−2; a ; a = 1; n are realized as vacuum expectation values of appropriated
soliton vertex operators. It turns out that the cumbersome algebraic manipulation to be
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performed in the derivation of the explicit form of the  -functions is simpler in the case
of the nonrelativistic generalized constrained KP hierarchy models constructed in Sect.5.
They share the same algebraic structure A(1)n ; Q;G0; + as our relativistic A(1)n (p = 2; q = −1)
dyonic model (1.2) with the only dierence that the negative grade q = −1 constant element
− is replaced by, say B
(2)
2 of grade q = 2. Since B
(2)
2 commutes with , the soliton
vertex operator for both, relativistic (R) and nonrelativistic (NR) models A(1)n (p = 2; q) have




−t2B(2)2 ex+; T (R)0 = e
−z−ez¯+ (1.10)
Another dierence lies in the zero grade parameters (i.e. the physical elds) of the nonrel-
ativistic model. They are directly related to the current (@xg0)g
−1
0 , while for the relativistic
theory they parametrize the group element g0 2 G0. The precise statement presented in
Sect. 5 is that the relativistic A(1)n (p = 2; q = −1) dyonic IM (1.2) appears as the rst
negative flow (associated to the negative grade time t−1 = z) of the new dyonic hierarchy
A(1)n (p = 2; q) given by eqns. (5.8). It is a generalization of the well known relation between
the sine-Gordon and MKdV [15], Lund-Regge and Non linear Schroedinger models [16], the
generalized A(1)n (p = 1) dyonic models (1.1) and the constrained cKP hierarchy [17] and their
supersymmetric versions [18]. An important new element whithin this setting is the explicit
relation between the corresponding relativistic and non relativistic 1-soliton solutions as well
as between the rst few (s = 0; 1; 2) commuting charges HNRs  HRs+1, established in Sect.
5.4.
Section 6 contains preliminary discussion of the algebraic structure and the eective
actions of more general multicharged dyonic models, as for example the SL(3) generalization
of the Lund-Regge model, SL(2)⊗p ⊗ U(1)r−p, etc.
2 Dyonic A(1)n (p = 2) IM as Gauged Two-loop WZW
Model
2.1 Algebraic Structure of the Hamiltonian Reduction
The gauged G0=G
0
0- WZW model based on nite dimensional Lie algebra G is given by






A(@gg−1 − +) + A(g−1@g − −) + Ag Ag−1 + A0 A0
)
(2.1)
where A = A− + A0; A = A+ + A0, A− 2 G<; A+ 2 G>; A0; A0 2 G00 ; g 2 G and
G00 = exp(G00). It is known to be an universal method for constructing all the conformal eld
theories: abelian and non-abelian Toda models, parafermions, [19], [20], etc. The subgroups
H<; H>  G are generated by positive/negative grade subalgebras G< and G> respectively,
according to the appropriately chosen grading operator Q 3, decomposing the Lie algebra G









; [Q;Gl] = lGl; si 2 Z;
G = Gl; [Gl;Gk]  Gl+k; l; k = 0;1;    (2.2)
The constant elements  2 G1 of grade 1, (say  = ∑ni=1 i E(0)i) indicate the WZW
currents that are constrained to constants i . In fact, Q is providing G with specic Gauss-
like decomposition G = H<G0H> with the important dierence that the zero grade subgroup
G0 (parametrized by physical elds, say ’i;  a; a in eqn. (1.2)) is in general non-abelian.
Each conformal model is specied by the choice G; Q; .
Similar construction takes place for G^, an innite dimensional Ane (Kac-Moody ) alge-
bra [6]. They give rise to a larger class of (non-conformal ) integrable models which are in
fact integrable deformations of the conformal models described above. The main ingredient
is now the so called two-loop gauged WZW model (i.e., the model associated to an ane
algebra G^) [12] described formally by the same action (2.1) with an important dierence that
all G^; H^<; H> are innite dimensional (and so is g^ and A; A) [8]. The zero grade subgroup












i ] = nH
(n)
i ; n 2 Z (2.3)
where ~h is a positive integer to be specied below. The major dierence from the conformal




1E(0) . For instance in the abelian An ane Toda models, where Q is given
by the principal gradation we have,













Since the subgroup G00 2 G0 dened as [G00 ; ] = 0, is trivial (empty) in the case of the
abelian ane Toda models, there are no continuous (local or global) symmetries, but its
action is invariant under the discrete permutation group S (Weyl group of An).
On the other hand, the so called homogeneous gradation





i ; G00 = fh(0)i ; i = 1;   ng = U(1)n (2.5)
dene a class of IM of electric type with maximal number n of local U(1)n symmetries and




which has no nontrivial zeros. One can further gauge x axial
or vector local symmetries by considering the G0=G
0
0-gauged WZW model,


















where the  signs correspond to axial or vector gaugings respectively, g00 = 0g000; A00 =
A0−−10 @0; A00 = A0− @00(00)−1 and 00 = 0(z; z) 2 G00 for axial and 00 = −10 (z; z) 2 G00
for vector cases. Since G0=U(1)
l, 0  l  n is non abelian and dene homogeneous space,
the IMs of this type are known as homogeneous space sine-Gordon models [21]. They are
generalization of the usual complex SG model (i.e., n = 1, known as Lund-Regge [22]). Note
that the corresponding eective action manifest global U(1)l symmetries.
The two examples illustrate the extreme cases, the principal gradation, with no continuous
symmetries (G00 = ;) but maximal number of topological charges and the homogeneous
gradation with maximal number of local (or global ) U(1)l symmetries, but no topological























, s are appropriate composite roots of A
(1)
n to specied
below. The main feature of such dyonic IM is that (i) only part of the Cartan subalgebra,
say U(1)l; l  p  n−1 generate local (or global ) Noether symmetries and (ii) their potential
for imaginary coupling constant and appropriate choice of  has (n− l + 1) distinct zeros
and Zn−l+1 as an asymptotic (discrete) symmetry group. Hence they admit soliton solutions
carrying both U(1)l electric and topological (magnetic) Zn−l+1 charges. The simplest is the














such that G0 = SL(2) ⊗ U(1)n−1 and G00 = f1  Hg. It has been systematically studied in
our recent papers [7], [8]. The problem we address here concerns the construction and the
study of the properties of solitons for multicharged (p > 1) IM. Among the vast variety of
families of p-multicharged dyonic IM we choose one simple representative characterized by
the form of the zero grade subgroup 4 G0 = SL(2)p ⊗ U(1)n−p. Although the methods we
are employing in the construction of the p-charged dyonic models are universal (and valid
for all 1  p  n− 1) we restrict ourselves to consider the case p = l = 2 only,
Q = (n− 1)d+
n−1∑
i=2











and G00 = f1  H; n  Hg. The specic choice of si and i, namely, s = (0; 1; 1;   1; 0) in
eqn. (2.9) is not a restriction. Following the discussion of Sect. 2.7 of ref. [7] (concerning
the Weyl families of An(p = 1) IMs) one can easily verify that any other choices of s, say
~s = ((0; 1; 1;   1; 0; 1) is related to (2.9) by certain Weyl transformation. The actions for
both models (s and ~s) are related by change of variables similar to the one of An(p = 1) case
presented in ref. [7]. Our symmetric choice (2.9), represents however certain advantages in
the construction of U(1)⊗ U(1) topological solitons in Sect. 3 and 4 below.
4Note that for given p, one has several inequivalent choices for si and µi, µ
(1)
s that leads to different G0
for example, for p = 2, we have G(1)0 = SL(2)⊗SL(2)⊗U(1)n−2 and G(2)0 = SL(3)⊗U(1)n−2 corresponding
to Q1 = (n− 1)d +
∑n−1
i=2 λi H and Q2 = (n− 1)d +
∑n
i=3 λi H , respectively.
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2.2 Effective Dyonic Actions
Given the graded structure (2.9) of the ane group A(1)n , the elements of the zero grade




















and the corresponding positive/negative grade subgroups H< and H>contain all nonphysical
elds and are generated by the positive/negative grade G> (G<) generators of the A(1)n ane
algebra with respect to Q given in (2.7). As we have explained before, the starting point
in the derivation of the A(1)n (p = 2) dyonic IM action is the gauged (H<; H> invariant )
G0 = G=H two-loop WZW model given by eqns. (2.1) without the A0 A0 term. The result of
the formal functional integration yields the following U(1)⊗ U(1)-ungauged eective action









g0 2 G0 = SL(2) ⊗ SL(2) ⊗ U(1)n−2. Taking into account the parametrization (2.10), it
leads to the action (1.5).
The intermediate A(1)n (p = 2) dyonic IM (1.7) with one local U(1) and one global (axial)
U(1) (generated by (1 + n)  H ) symmetry is obtained from eqns. (2.6) with A0 =


























Finally, we substitute A0 = a011 H+ a0nn H; A0 = a011 H + a0nn H in eqn. (2.6)





















Ra ; a = ~ae
1
2
Ra . Next we consider the partition function for both inter-
mediate and completely gauged An(p = 2) models
Zp=2n =
∫
Dg0DA0D A0 exp(−SaxGo=G00(g0; A0; A0))
where the action SaxG0=G00
of the axial gauge xed model is given by (2.6) with upper signs.
Integrating over the corresponding specic A0; A0 auxiliary elds, we derive the eective
actions leading to the Lagrangeans (1.2) and (1.7) with 2 = −2
k
.
It is worthwile to mention that the conceptual dierence of (1.2) with the ungauged (1.5)
and the intermediate model (1.7) is that the action (1.2) has no local symmetries. Instead
it has two global symmetries described by transformations (2.29).
Similarly to the axial and vector A(1)n (p = 1) dyonic IM [7], [8], applying the method
developed in ref. [14] one can derive the CPT-invariant vector model (1.2) starting from
eqns. (2.6) with lower signs (-). One can also consider the mixed case by axial gauging one
U(1) and vector gauging the other, but this topic is out of the purpose of the present paper.
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2.3 Leznov-Saveliev equations and the Zero Curvature Represen-
tation
The equations of motion for the models (1.2), (1.5) and (1.7) can be written in the following
matrix Leznov-Saveliev form [6]
@(g−10 @g0) + [−; g
−1
0 +g0] = 0; @(
@g0g
−1
0 )− [+; g0−g−10 ] = 0 (2.14)
The local U(1)⊗U(1) symmetries (1.6) reflect the fact that the traces of the above equations
with a H vanish, i.e., @JaH(0) = @ JaH(0) = 0, where
JaH(0) = Tr(g
−1
0 @g0a H(0)); JaH(0) = Tr(@g0g−10 a H(0)); a = 1; n (2.15)
due to the G00 property that [a  H; ] = 0; a = 1; n. The axial (vector) gauge xing of
these U(1) ⊗ U(1) symmetries is known to be equivalent to implementing the constraints





−’1) + @Rn = (n + 1) 1@1e−’1 ;









−’1) + @Rn = (n + 1)1 @ 1e−’1 ;




−’n−2) = (n + 1)n @ ne−’n−2
The diagonalization of the above system leads to the denition of the auxiliary nonlocal elds
Ra; a = 1; n which are going to play an important role in the construction of the 1-soliton
solutions in the next sections,
(n− 1)@R1 = n 1@1(1 + 2n + 1
2n
 nne
−’n−2)e−’1 −  n@ne−’n−2
(n− 1)@Rn = n n@n(1 + 2n + 1
2n
 11e
−’1)e−’n−2 −  1@1e−’1
(n− 1)@R1 = n1 @ 1(1 + 2n + 1
2n
 nne
−’n−2)e−’1 − n @ ne−’n−2
(n− 1)@Rn = nn @ n(1 + 2n + 1
2n
 11e
−’1)e−’n−2 − 1 @ 1e−’1 (2.16)
where









4(n− 1)  11 nne
−(’1+’n−2)
and 1  j = n+1−jn+1 ; n  j = jn+1 ; j = 1;    ; n− 1.
The zero curvature representation
@ A− @A− [A; A] = 0; (2.17)
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of the A(1)n (p = 2) equations (2.14) is known to be the crucial ingredient in the proof of the
classical integrability of the model. As it is not dicult to check the pure gauge potentials
A; A, has the standard Leznov-Saveliev form [6],
A = −g0−g−10 ; A = + + @g0g−10 (2.18)
common for a large class of grades jqj = 1; (i:e: q(+) = −q(−) = 1) singular (or nonsingular)
ane NA-Toda IM. As in the case of A(1)n (p = 1) dyonic models [23] one can complete the
proof of the integrability by deriving the explicit form of the classical R-matrix and the
innite set of conservation laws in involution. The calculation is quite strightforward and
standard for all ane abelian and NA Toda models.
2.4 Vacua Structure and Symmetries
The existence of soliton solutions for the An(p = 2) IM (1.2) is known to be intrinsically
connected to the following three related objects:
 distinct zeros of the potential V p=2n = 12
(
Tr(+g0−g−10 )− 2(n− 1)
)
 set of nontrivial constant solutions of its equation of motion
 the existence of few dierent boundary conditions (i.e. admissible asymptotic values
at x = 1) for the elds ’l;  a; a; Ra.
The very origin of the nontrivial vacua structure is hidden within the discrete symmetries of
(1.2) and in the corresponding topological charges. In our case, for imaginary  = i0, the
action (1.2) is invariant under the following discrete group of transformations






n− 1 ; l = 1; 2;   n− 2;
 01 = e
ipi





n−1 (N+(n−1)s˜1)1; 0n = e
− ipi
n−1 (N−(n−1)s˜n)n (2.19)
where N is an arbitrary integer (dening dierent Zn−1 vacua sectors) and sa; ~sa are two
pairs of even (or odd) integers (i.e., sa + ~sa = 2S
0; sa − ~sa = 2L0a). The action (1.2) is also
invariant under CP (but not CPT) transformation,
’00l = ’l;  
00
a = a; 
00
a =  a
Px = −x; P@ = @ (2.20)



























The transformations (2.19) in this parametrization acquires the form














a transformations we nd










; La = 2L
00
a − L0a (2.22)
The conclusion is that together with the trivial vacua: ’l = 0;Ra = 0; a = 0, (i.e., N =









n− 1 ; R
(0)










a ). Due to the Zn−1 ⊗ Z2 symmetry,
a) Zn−1
e’l ! wlNe’l; w = e 2piin−1 ; wn−1 = 1;
 1 ! w 12 (N+(n−1)s1) 1;  n ! w− 12 (N−(n−1)sn) n;
1 ! w 12 (N+(n−1)s˜1)1; n ! w− 12 (N−(n−1)s˜n)n;
b) Z2:  a ! a; a !  a















(i.e.  a(1) = a(1) = 0, but  a=a(1) 6= 0). One therefore expects the existence
of nite energy topological solitons, interpolating between dierent vacua (N; L()a ). The
corresponding topological charges
j’ = N+ −N− = 0; 1;   n− 2 mod (n− 1); ja = L+a − L−a = 0; 1;    mod 2























(for our U(1)⊗ U(1)-charged topological 1-solitons (3.14), (3.18), j’ = 1; ja = 0).





a ) of our model, does not exhaust all the discrete symmetries of the A
(1)
n (p = 2)
dyonic IM (1.2). There exist two other Z2 discrete groups leaving the action (1.2) invariant,
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1. Z2-reflections
’000l = ’n−l−1; l = 1; 2;   n− 2
 0001 =  n;  
000
n =  1; 
000
1 = n; 
000
n = 1 (2.27)
2. Composed Weyl transformation P :
~g0 = (g
−1
0 ); (+) = −; 
2 = 1;
(Ea) = EΠ(a) = Ea ; a = 1; n; P@ =
@ (2.28)





a ) 2 Zn−1 ⊗ Z2. As a result the irreducible vacua lies in the coset Zn−1 ⊗
Z2=Z2⊗Z2, i.e. (2.24) with the identications (2.27) and (2.28). As we shall see in the next
Sect. 3 the Z2 symmetry (2.27) is crucial in the derivation of the rst order soliton equations
(3.3, 3.4). The Z2 transformation  can be realized as certain composition of An−2-Weyl
group transformations similar to the constructions of Sect. 2.6 of ref. [7]. It is the analog of
the Sn symmetries of the abelian An Toda model.
An important new feature of the dyonic IM (1.2) is that, together with the above discrete
symmetries, it manifest the following continuous symmetries




−i20aa; ’0l = ’l (2.29)
with a - the arbitrary real parameters of the global U(1) ⊗ U(1). Taking into account the
denition (2.16) of the nonlocal elds Ra, the corresponding (Noether) \ electric" currents









@ (R1 + nRn) (2.30)
It therefore follows that the topological soliton with non trivial asymptotics of the elds Ra,














(R1(1)− R1(−1) + n(Rn(1)− Rn(−1))) (2.31)
As it is shown in Sect. 3. together with the neutral (0; 0), we have (0; Qn) and (Q1; 0) and
(Q1; Qn) charged topological solitons.
It is worthwhile to mention the geometrical (target space -model) meaning of the U(1)⊗
U(1)-symmetry as well as the T-duality O(2; 2jZ) transformations behind it. Writing (1.2)









N − V (L) (2.32)
where L = f’l;Ra; ag and noting that the U(1) ⊗ U(1) transformation (2.29) acts as a
translations , a ! a + 20a; we conclude that the target space geometry (described by
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the metric gMN , antisymmetric tensor bMN and by the tachyon potential V (
L)) has two
isometries, i.e., gMN ; bMN and V (
L) are a-independent. This is an indication that the
target space geometry encoded in the kinetic part of (1.2) allows two equivalent T-dual
descriptions. As in the case of U(1) dyonic model (1.1) (see refs. [7], [14]) one can introduce
together with the axial model (1.2) its T-dual vector model described by Lvec( ~’l; ~a; ~Ra),












@~a @a − @~a@a
)
The T-duality transformations with the above generating function F(~a; a) are known to
act as the following canonical transformation (a ; a)axial ! (~˜a ; ~a)vector such that
~˜a = −@xa; a = −@x~a; (2.34)
and certain point transformations ~’l = fl(’l; Ra) of the \non-isometric" coordinates (see refs.
[7], [14] for more details ). The relation (2.33) between Lax and Lvec is a simple consequence
of the fact that both Hamiltonians are in fact equal, i.e., Hax = Hvec. An important feature
of the abelian T-duality (2.33) and (2.34) is that it maps the U(1) ⊗ U(1) charges Qel;axiala
(given by eqn. (2.31) into the vector model analog Qa;vector
˜
of the topological charges Qa;axial
(given by eqn. (2.26). Since we have that (see Sect. 3 of ref. [14])






L) + baN (
L); L = f’l;Ra; ag; a  a; (2.35)
comparing with eqns. (2.30) we conclude that the isometric coordinates ~a of the vector




(nR1 +Rn); ~n =
2
n + 1





dx@x~a, which makes the form (2.33) of the generating function F explicit.
The T-dual transformations of electric Qel;axa and a-topological charges Q
a;ax
 are given by
the following interchange rule,
(Qel;axa ; Q
a;ax
 ) , ( ~Qa;vec˜ ; ~Qel;veca )
2.5 Dyonic Effect of the Topological -terms
We have shown in a recent paper [7] that one of the main properties of the soliton spectrum of
dyonic IM (1.1) (with one global U(1) symmetry) is its intrinsic dyonic structure. Similarly
to the electric and magnetic charges of dyons in 4-d SU(n+1)-Yang-Mills-Higgs model [24],
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the electric charge Qel of the U(1) charged topological solitons acquires contributions from
its topological charge (i.e. magnetic ) Qmag (see eqn. (1.4) of ref. [7]):








~j’; ~j’ = 0;1;     (n− 1) (2.37)
The origin of such dyonic eect comes from the topological (total derivative) \-term" (an
analog of the corresponding four dimensional topological  term [24])










Since the dyonic model A(1)n (p = 2) (1.2) with U(1)⊗ U(1) global symmetry) appears to be
simple generalization of the model An(p = 1) (1.1) it is natural to expect that similar dyonic
eects to take place.
Let us introduce the following two kinds of topological terms:
1. Straightforwad generalization of the U(1) term (2.38) to the U(1)⊗ U(1) case














2. New kind of a mixed term












k ; and  are arbitrary real constants. Adding the \-terms" (2.39) and (2.40) to
the original Lagrangean (1.2), i.e. considering
Limpr(p = 2) = L(p = 2) + Ltop’ + Ltopa (2.41)
leads to the following improvements (shifts) of the corresponding electric currents














































































l . For  = 0, i.e. without the second topological term, one
recover the well known simple eect that the electric charges acquires contribution from the
magnetic (j’-topological ) charge Qmag =
4
20
j’. The new dyonic eect for  6= 0 is specic
for the U(1) ⊗ U(1) case (1.2) (improved as eq. (2.41)) and it consists in the fact that the
electric charges Qela;impr gets shifted by the topological charges j
(a)
 as well.
An interesting physical interpretation of the parametres al ;  as external constant mag-










(all other components vanish) comes from the following paralel with the open string (in










) and boundary (Chan-Paton) term included (as in Sect. 8.6 of [25]). The string
momenta P1 = Q
el
n and P25 = Q
el
1 get contributions from the boundary (Wilson line) term
Sstrong = i
∮ ∑
Aa(X)dXa; Xa = a; Xi = f’l;Ra; ag). It is important to note that for
our 1-soliton solutions (3.17) the string coordinates





) ! (X1; X25)
are indeed periodic (in − worldsheet coordinate) with periods Ta = 2wa
w1 =  sin; wn = − sin:
Hence the paralel with open string with two compactied dimensions is not accidental.
Following such string analogy, the topological -terms (2.39) and (2.40) can be rewritten as























































and all other AM for M 6= a vanish. Therefore the magnetic elds FMN = @MAN − @NAM
for our U(1) gauge potential (2.46) are given by eq. (2.44).
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3 Multicharged Topological Solitons
3.1 Soliton equations
The well known relation between dressing and Backlund transformation [26] provides a
simple derivation of 1-soliton equations for a large class of grade one ane NA-Toda models.
Arguments similar to those used for the A(1)n (p = 1) dyonic IM [7], lead us to the following
compact form of 1st-order soliton equations
g−10 @g0X − [g−10 Y g0;vac; −] = 0; @g0g−10 Y − [g0Xg−10;vac; +] = 0; (3.1)
[X; −] = [Y; +] = 0 (3.2)
imposed together with the image of the system (3.1) under Z2 discrete transformations (1.3).
The constant elements X(; ai); Y (; bi) of the universal enveloping algebra are realized as









and g0;vac = e
i0(c11H+cnnH) is the constant vacuum solution of the L-S eqns. (2.14). The
verication of the fact that 2nd order equations (2.14) are indeed the integrability conditions
for the 1st order eqns. (3.1) (under conditions (3.2)) is quite straightforward. We should
mention that the consistency of eqns. (3.1) with their Z2 image requires certain algebraic
relations (see eqns. (3.4) below) specic for the soliton equations far a large class of ane
NA-Toda models [7]. With the parametrization of gf0 given by eqs. (2.13) at hand and the
subsidiary contraints (2.16) for the nonlocal elds Ra we derive the following explicit system












eΦp − eΦp+1 − 2( ~ 1 ~1 − ~ n ~n)p;n−1
)
; p = 1; 2;   n− 1
@ ~ 1 = −γ ~ 1e−Φn−1
(








@ ~ n = −γ ~ neΦ1
(

















































































where 0 = n−1; n = 1 and the following chain of algebraic relations,
e−Φ1 − eΦ2 = e−Φ2 − eΦ3 =    = e−Φn−2 − eΦn−3
= e−Φn−1 − eΦ1 + 2( ~ n ~n − ~ 1 ~1) (3.4)
The new variables p; ~ a and ~a
p = ’p − ’p−1 − 1
n + 1
R; R = R1 − Rn; ’0 = ’n−1 = 0;









~ n =  ne
R
2(n+1) ; ~n = ne
R
2(n+1) ; ~ 1 =  1e
− R
2(n+1) ; ~1 = 1e
− R
2(n+1) (3.5)
introduced in (3.3) have the advantage to simplify the construction of the solutions (1-soliton)
























n ~ n ~n − ~ 1 ~1
)
(3.6)
as a consequence of their dening eqns (2.16).
We next derive few consequences of the system (3.3), (3.4) and (3.6) representing the
















eΦp = 0; p = 1; 2;   n− 1(






) = 0; a = 1; n(




~ a ~a = 0; a = 1; n(























; r = @; @ (3.7)




The strategy we employ in solving the complicated 1st order system (3.3) consists in:
1. To derive all rst integrals of eqns. (3.3);
2. To diagonalize the system of eqns. (3.3) by using these 1st integrals and the solitonic
conservation laws (3.7), i.e. to separate the eqns. for the variables p; ~ a; ~a; Ra;
3. To solve each one of the corresponding individual 1st order (one variable ) equations
The rst integrals for the system (3.3) can be easily found by simple manipulations of
eqns. (3.3), (3.7). The result is:
















(nR1+Rn) − e−+ βn+1 (R1+nRn) = De (3.10)
where c0; d1; d2 and D are arbitrary complex constants. We next substitute eqns. (3.8) and
(3.4) in the rst two equations of the system (3.3), thus obtaining the desired individual




1− e2i0Φp − 2i sinei0Φp
)
@−e
i0Φp = 0 (3.11)
where we have introduced new variables ,
+ = x cosh(b)− t sinh(b); @+ = sinh(b)@t + cosh(b)@x
− = t cosh(b)− x sinh(b); @− = cosh(b)@t + sinh(b)@x; b = −lnγ
The solutions of eqns. (3.11) have the following form
e−i0Φp = ei
Spe
−2i+2+ cos() − 1
Spe2+ cos() + 1
(3.12)
Due to eqns. (3.8) and (3.4) the integration constants Sp should satisfy the following re-
curence relations
Sp+1 = e
−2iiSp; p = 1; 2;   n− 1
and therefore we nd
Sp = (−1)p−1e−2i(p−1)S1 = (−1)p−ne−2i(p−n)X0
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Finally, taking into account the denitions (3.5) of the original elds ’p and R = R1 − Rn










(e−f + ef )
l
n−1 (e−f + (−1)n−1e2i(n−1)ef )n−1−ln−1
; l = 1; 2;   n− 2 (3.14)
where f = + cos() +
1
2











(e−f + (−1)n−1e2i(n−1)ef ) nn+1
(e−f + ef )
1
















(e−f + (−1)n−1e2i(n−1)ef ) 1n+1 (A1e−f + A2ef)
(3.15)
where A1; A2 are given by
A1 = 1− e−i(n−1)(−Sign()+2 ; A2 = 1− ei(n−1)(−Sign()+2 :
It remains to derive the solutions for ~ a; ~a. The algebraic relation (3.4) together with eqns.
(3.9), (3.13) and (3.14) allows us to calculate the product  aa; a = 1; n,
20 11 =
N2(e−f + ef )
−1
n−1 (e−f + (−1)n−1e2i(n−1)ef )−(n−2)(n−1)
(A1e−f + A2ef )
(3.16)
where N2 = (1+e−2i)((−1)n−1e2i(n−1)−1). For the ratio  a
a











) = −@− ln(
 n
n
) = −2i sin()






= e2i(− sin()+pn): (3.17)
where p1; pn are arbitrary constants. The explicit expression for  a; a completes the nal



















(n−3)(−Sign())ei(− sin()+p1)(e−f + (−1)n−1e2i(n−1)ef ) −12(n+1)
(A1e−f + A2ef )
1










(n−3)(−Sign())e−i(− sin()+q1)(e−f + (−1)n−1e2i(n−1)ef ) −12(n+1)
(A1e−f + A2ef)
1




i.e., the (Q1; Qn) 1-soliton of the dyonic model A
1)
n (p = 2) IM (1.2) is presented by the set
of functions (3.14), (3.16) and (3.18) of space time variables + and −.
It is worthwhile to mention that both, the lagrangean (1.2) and the 1st-order system
(3.3)-(3.4) have two interesting limits:
  1 = 1 = 0; (Rn = const:) or  n = n = 0; (R1 = const:) leading to the A(1)n−1(p = 1)
dyonic IM (1.1) (see ref. [7] for corresponding 1st-order system) and their 1-soliton
solutions [7], [8] represent one charge (0; Qn) or (Q1; 0) topological solitons of our
An(p=2) model (2.29).
  1 = 1 =  n = n = 0 gives rise to the A(1)n−2 abelian Ane Toda model and its
neutral (0; 0) 1-solitons are particular cases of our (Q1; Qn)-solitons.
3.3 Soliton Spectrum
One of the main properties of the soliton solutions is that they carry nite energy and
nontrivial topological charge (and electric chargesQ1; Qn in our case). Thus, it manifests
a particle-like spectrum, M;E;Qel1 ; Q
el
n ; Qmag; Q
a
. The soliton charges Q
el
a ; Qmag; Q
a
 as well
as their energy E (and mass M) are known to depend on the boundary conditions, i.e.
asymptotics of elds ’l;  a; a (at x! 1), and on the symmetries of the 1st order (BPS-
like) equations (3.3). In fact, the explicit form of the soliton spectrum can be derived
without the knowledge of the exact 1-soliton solution (3.14) - (3.18). The arguments are
quite similar to the abelian ane Toda [10] and A(1)n (p = 1) dyonic IM [7] cases. One rst













eΦk + 2 ~ 1 ~1) (3.19)
and as a consequence the An(p = 2) potential V
(p=2)
n (1.2) can be written in the form




Next step is to demonstrate (by using the 1-soliton eqns. (3.3),(3.4) and (3.6)) that the
An(p = 2) stress-tensor components T00 = T








e−’1n@ 1@1 + e−’n−21@ n@n
+ 2
e−(’1+’n−2)




and T− = T+(@ ! @) where
1 = 1 + 
2 n
2(n− 1) 11e













Therefore the energy and the momentum of our (Q1; Qn) 1-soliton (3.14) - (3.18) gets con-









− + F+)j+1−1 (3.21)
The last step is to calculate E; P and M =
p
E2 + P 2 in terms of the asymptotics of the
elds ’l;  a; a; Ra. The analysis of the classical vacua structure of the An(p = 2) IM (1.2)
(i.e., nontrivial constant solutions corresponding to multiple zeros of the potential V (p=2)n ,


















 − f (n) ) = 20 f; iln
 a
a
(1) = La; (3.22)
where N; La are arbitrary integers and f
a
 are real numbers. Substituting the above asymp-













j’ = N+ −N− = 0;1;     (n− 2) (3.23)
We can further simplify eq. (3.23) by noting that according to eqns. (2.25) and (2.31)
we have
Qel1 −Qeln = 4
n− 1
n+ 1
(f+ − f−); Qmag = 4
20
j’ (3.24)











4(n− 1) )j (3.25)
As in the case of the axial and vector An(p = 1) dyonic IM [7], one expects the 1-solitons of
the corresponding vector gauged An(p = 2) IM to exhibit mass spectrum with Q
el
a replaced
by ~Qa . An important question to be answered concerns the relation between f
(a)
 ; N; L
introduced in (3.22) and the parameters that appear in the soliton solution (3.14)-(3.18),
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and further the question of whether we can have fa+ 6= fa−; N+ 6= N−, etc. The analysis
is quite similar to the An(p = 1) case presented in ref. [7], and is based on a) the soliton
conservation laws in the form (3.8)-(3.10) and b) the direct evaluations of the asymptotics






















(2S− − (n− 1)(− Sign())) (3.26)
and from (3.8)-(3.10) one gets further restrictions,
N l = N (mod (n− 1)); S = N (mod (n− 1)); K l = 0; N+ 6= N−
as one can see from eqns. (3.10) and (3.15). The R1 +Rn asymptotics are certain functions
of  and , but they do not enter directly in the computation of the 1-soliton spectrum.
3.4 Semiclassical Quantization
An important feature of the (Q1; Qn) charged topological 1-soliton we have constructed is
that at the rest frame it represents periodic particle-like motion (due to the − dependence
of  a; a) with period  =
2
 sin()
. Then, similarly to the SG breather [27], NLS and Lund-
Regge 1-solitons [22] as well as U(1)-charged 1-solitons of the An(p = 1) IM, one can apply
the eld theoretic analog of the Bohr-Sommerfeld quantization rule










; Hax = M _M − Lax (3.27)




(see eqns. (2.31), (2.35), (2.36)) and the following simple t-dependence of our charged 1-
soliton solution (3.14)-(3.18) at rest frame (γ = e−b; cosh(b) = 1; sinh(b) = 0):






















Therefore the Bohr-Sommerfeld quantization rule implies













+ 0); 0 = 0(; ) (3.29)
where 0 is an arbitrary parameter, i.e., only the dierence of the charges is quantized.
Their sum remains continuous. Taking into account the improvements (2.42), (2.43) of the
electric charges Qela introduced by topological \-terms" (2.39), (2.40) and the corresponding
topological shifts in the momenta a , (i.e. of the electric currents J
0;el
a eqns. (2.42) we obtain
the following (improved ) charge quantization
20jel = Q
impr








 − j(n) )
)
and therefore










 − j(n) )
)
(3.30)





 − j(1) ).





































j sin (4j’ − 
2
0jel)
4(n− 1) j (3.32)
Similarly to the An(p = 1) model (1.1) (see Sect 2 and 5 of ref. [7]) due to T-duality that
maps electric charges of the axial model into the Qa- topological charges of the vector model
(and vice-versa), the topological charges Qa (2.26) (Q
a





a) is certain function of a determined by T-duality (see for example eqns. (2.37) of ref.
[7]). The complete semiclassical spectrum of our (Q1; Qn)- charged 1-solitons (3.14)- (3.18)
is represented by eqns. (3.31)- (3.33).
4 Soliton Vertex Operators
4.1 Dressing Transformations
The rst order soliton equations (3.3), (3.4) are by no means an eective tool for deriving
the explicit form (3.14)-(3.18) of the multicharged topological 1-solitons of the An(p = 2)
23
dyonic IM. The systematic construction of the dierent species of N-solitons and breathers
however, requires more powerful group theoretical methods as the A(1)n -vertex operators and
the corresponding  -functions [10]. An important advantage of such method is that they
make transparent the algebraic structure underlying the soliton solutions, namely, the level
one representation of the twisted An ane Kac-Moody algebra [10], [13]. The dressing
transformation [26] are known to be the origin of all those methods (including the vacuum
Backlund transformation (3.1) of Sect. 3). Let us consider two arbitrary solutions Bs 2
G^0; s = 1; 2 of eqns. (2.14) written for the case of A
(1)




The corresponding Lax (L-S) connections (2.18) A(s) = A(Bs); A(s) = A(Bs) are related
by gauge (dressing) transformations −;+ = exp G<;>,
A(2) = A(1)−1 + (@) −1 (4.1)
They leave invariant the equations of motion (2.14) as well as the auxiliar linear problem,
i.e. the pure gauge A dened in terms of the monodromy matrix T (Bs),(
@ −A(Bs)
)
Ts(Bs) = 0 (4.2)
The consistency of equations (4.1) and (4.2) imply the following relations
T2 = T1; i:e: +T1 = −T1g(1) (4.3)
where g(1) 2 G^ is an arbitrary constant element of the corresponding ane group. Suppose
T1 = T0(Bvac) is the vacuum solution,




Avac = −−; Avac = + + 2zc; (4.4)
and T0 = exp(−z−) exp(z+) as one can easily check by using the fact that [+; −] = 2c.
According to eqns. (4.1) and (4.3), every solution T2 = T (B) can be obtained from the
vacuum conguration (4.4) by an appropriate gauge transformation . In fact, eqns. (4.1)
with Avac and Avac as in eqn. (4.4) and
A(B) = −B−B−1; A = + + @BB−1
allows to derive  as functionals of B, i.e.  = (B). We next apply eqns. (4.3),
−1− + = Tvacg
(1)T−1vac (4.5)
in order to obtain a non trivial eld conguration B in terms of g(1) 2 G and certain highest
weight (h.w.) representation of the twisted algebra A(1)n as we shall see in Sect. 4.2. The
rst step consists in substituting Avac; Avac and A(B); A(B) in eqn. (4.1) and then solving
it grade by grade remembering that  may be decomposed in the form of innite products
− = et(0)et(−1)    ; + = ev(0)ev(1)   
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where t(−i) and v(i); i = 1; 2;    denote linear combinations of grade q = i generators.
For grade zero we nd
t(0) = H(z); ev(0) = BeG(z)−
2zz¯c
where the arbitrary functions H(z); G(z) 2 G00 and are xed to zero due to the subsidiary
constraits (2.15), (2.16), i.e., H(z) = G(z) = 0. The equations for v(1); t(−1) appears to be
of the form
B−1@B − 2zc = [v(1); −]; @BB−1 = [t(−1); +] + 2zc
The next step is to consider certain matrix elements (taken for the h.w. representation jl >)
of eqn. (4.5). Since v(i)jl >= 0 and < ljt(−i) = 0; i > 0., we conclude that
< ljBjl > e−2zz¯ =< ljT0g(1)T−10 jl > (4.6)
Taking into account the explicit parametrization of the zero grade subgroup element B (2.10)
in terms of the physical elds, ; ’i;  a; a and choosing specic matrix elements we derive
their explicit space-time dependence,












+−2zz¯ = < njT0g(1)T−10 jn >;
j  e1jR1+njRn+’j−1+−2zz¯ = < jjT0g(1)T−10 jj >; j = 2;   n− 1






l,n+nl)Rl++−2zz¯ l; l = 1; n








= < ljE(0)l T0g(1)T−10 jl >; l = 1; n (4.7)
where for An we have 1 j = n+1−jn+1 ; j = 1; 2;   n−1. In order to make the construction of
the solution solution (4.7) complete it remains to specify the constant ane group element
g(1). The constant element g(1) encodes the information (including topological properties)
about the N-soliton structure of eqns. (2.14). We shall see in the next Sect 4.2 that all
1-soliton solutions of the A(1)n (p = 2) dyonic IM (1.2) - the neutral (0; 0), U(1)-charged,
Q1; 0) and (0; Qn), and the U(1)⊗ U(1)-charged (Q1; Qn) - are represented by certain level
one vertex operators (i.e., h.w. representations) of the twisted A(1)n algebra. The twist being
determined by the corresponding A(1)n (p = 2) graded structure Q; ;G00 . The multi soliton




Given A(1)n ane algebra,
[Hmi ; H
n










(; )Em+n+ if  +  is a root
 Hm+n + cm m+n;0 if  +  = 0
0 otherwise
(4.8)
(m;n 2 Z and c is its level to be taken to 1 in the vertex operator representations) pro-
vided with the graded structure fQ; ;G00g as in eqns. (2.9). Since  form a Heisenberg
subalgebra,
[+; −] = 2c
and we have to calculate the matrix elements ( -functions ), say
< 0je−z−ez¯+g(1)e−z¯+ez−j0 >;
it is instructive to introduce a new basis for the A(1)n , such that  appear as part of its





















(1 + n) H(m); bm =
√√√√ (n + 1)
2(n− 1) (1 − n) H
(m) (4.9)





] = (a+m(n− 1))m;la;b;
[baa+m(n−1); bm] = 0; a = 0; 1;    ; n− 1;
[bm; bl] = mm+l;0 (4.10)
Therefore we can consider the generators baa+m(n−1); a = 0; 1;    ; n−1 together with bm (and
their conjugate) as the generators of the ane Cartan subalgebra in the new basis for the
twisted A(1)n
5. Next step is to complete this basis with the corresponding new step operators
e
(l)
˜ . Since we have by denition that
+ = b
1




5Note that baa+m(n−1), a 6= 0 has no zero modes, i.e., only two of the generators of the new Cartan
subalgebra, namely b0m(n−1), bm are untwisted.
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commute with b00 and b0, in the vanishing central charge case, they all commute and hence
share the same set of eigenvectors F (γ),
[; F (γ)] = f(γ)F (γ); [b00; F (γ)] = f
0
0 (γ)F (γ); [b0; F (γ)] = f0(γ)F (γ) (4.11)
Following ref. [13] we nd four dierent types of eigenvectors
Fa;j(γ) =
c^
























































Their eigenvalues are obtained from
[; Fa;j(γ)] = wj(wa − 1)γFa;j(γ)
[; F1;l(γ)] = −γ1wl F1;l(γ)
[; ~F1;l(γ)] = γ1wl ~F1;l(γ)
[; F(γ)] = 0 (4.14)
In fact, Fa;j ; F1;l; ~F1;l; F
 are eigenvectors of all oscillators baa+m(n−1) and bm, in particular,
[ba1a1+l(n−1); Fa2;j(γ)] = w
−a1j(wa1a2 − 1)γa1+l(n−1)Fa2;j(γ)
[bl; Fa;j(γ)] = 0; (4.15)









With the new basis at hand, we dene the A(1)n ane group element g
(1) as
g(1) = edF (γ); F (γ) = Fa;j ; F1;l; ~F1;l; F

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or more generally as a product including all the A(1)n generators,
g(1) = ed1F1(γ1)ed2F2(γ2)    edNFN (γN ) (4.16)
The new basis introduced above drastically simplies the calculation of the  -functions (4.7),
T0g
(1)T−10 = exp(d(γ)F (γ)) = 1 + d(γ)F (γ) (4.17)
where (γ) = exp(−zf−(γ) + zf+(γ)). The last equality in (4.17) reflects the fact that
F 2(γ) = 0 for A(1)n due to the well known properties of the short distance OPE (see ref [13]).
An important question concerns the specic choice of the form (4.16) of g(1) that leads to
dierent species of neutral and charged solitons and breathers. As in the A(1)n (p = 1) dyonic
IM case [7], [8] taking
g(1)a (γ) = e
dFa,n−1(γ) (4.18)
we reproduce the abelian ane A
(1)
n−2-Toda neutral 1-soliton solutions, since  a = a = 0.
The corresponding U(1) charges vanish identically, i.e. Q1 = Qn = 0. Another indication
of the neutrality of such solution is that Fa;n−1(γ) has zero eigenvalue with respect to the




1 (γ1; γ2) = e
d¯1F¯1,1(γ2)ed¯2F¯
y




for γ1 = e
B−i(+); γ2 = eB+i (and further conditions on d1; d2; ~d1; ~d2 as in ref. [8]) leads
to nontrivial U(1) charged ~1 − (Q1; 0) or ~n − (0; Qn) 1-soliton solutions. They provide
1-soliton solutions with  n = n = 0 or  1 = 1 = 0 coinciding with the electrically charged















for an appropriate choice of γi; i = 1; 2; 3 and d; d1; d2; ~d1; ~d2 (as in ref. [8]) give rise to
U(1)-charged ~1- and ~n-breathers.










for γ1 = e
B−i(+); γ2 = eB+i and d1d2 = −d3d4 = d0. The (Q1; Qn)-charged breather can
be generated by taking
g
(1)
1n (γ1; γ2; γ3; γ4; γ5) = g
(1)
1n (γ1; γ2; γ3; γ4)g
(1)
a (γ5) (4.22)
and special choice of γl; l = 1; 2; 3; 4; 5 and the coecients dl. The multi-soliton solutions




















5 Dyonic A(1)n (p = 2; q) hierarchy
5.1 Constrained KP hierarchies of A(1)n (p = 2; q = 2) dyonic type
Our motivation to introduce A(1)n (p = 2; q) dyonic hierarchy (of which q = −1 integrable
model (1.2) is a member) and to study the relation between the 1−solitons of q = −1 and
say q = 2, dyonic integrable models is twofold:
(a) as we shall show in section 5:3, the knowledge of (Q1; Qn)-charged 1-soliton (3.14),
(3.18) of q = −1 model (1.2) allows to construct the corresponding 1−solitons of all q  2
models by simple change of variables( both -the eld ones:ra; qa(a = 1; 2); ul(l = 1; 2; : : : ; n−
2) !  a; a; ’l - and the space-time ones: z ! x; zγ ! tγq);
(b) since the equations of motion of q  2 models are much simpler than the q = −1
ones (that follows from (1.2)), the Hirota method [28], [10] (and the explicit derivation of
G0 −  - functions) works more eectively in say, q = 2 case than in the q = −1 one.
This suggests that in construction of multisolitons and breathers to rst elaborate them
for q = 2 model and then to apply the above change of variables in order to nd the
corresponding solutions of the q = −1 model. The origin of the A(1)n (p = 2; q) dyonic
hierarchy is in the fact that keeping a part of q = −1 graded structure (2.9) : Q; +;G00 and
replacing − (of grade q = −1) by an arbitrary constant element Dqq of Q-grade q  −1 such
that 6
Dqq 2 Ker (ad) ; (D−1−1 = −) (5.1)
one can generate an innite hierarchy of new integrable models. Their equations of motion
have the following compact zero curvature form [13], [16]:
@tqD0 − @xDq − [Dq; D0] = 0 (5.2)
where





q 2 Gl (5.3)
An important dierence with q = −1 case is that now the "physical elds" parametrize the
zero grade algebra G0 (and not the zero grade group element g0 2 G0 as in q = −1 case):






























































6The additional condition [Dqq , −] = 0 is imposed in order to obtain local equations of motion and allows
















etc. Writting eqs. (5.1) for each grade 0; 1; : : : ; q+1 we get the following system of equations:

















q ;A0] + [D(0)q ; +] = 0
@tqA0 − @xD(0)q − [D(0)q ;A0] = 0 (5.6)
The recipe in deriving the system of dierential equations (of order q in x ) for ra; qa; ul
consists in rst determining D(q)q 2 Ker (ad) (i.e. starting from the rst equation). For,
say, q = 2 we obtain (n  4)
D
(2)













2 is a particular case of b
a
a+m(n−1); a = 2; m = 0 given by eqn. (4.9). Substituting
eq. (5.7) in the second of the equations (5.6) we nd a part of the auxiliary elds V
(q−1)
k
parametrizing Im(ad+) in terms of ra; qa; ul. The third equation determines the remainning
part of V
(q−1)
k lying in the Ker (ad+) and those elds V
(q−2)
k lying in the Im (ad(+)), etc.
Applying this procedure for the case q = 2 we nd the following system of equations dening
the A(1)n (p = 2; q = 2) nonrelativistic dyonic integrable model:











































kkjukuj + r1q1 + rnqn

 = 0






















n− 1 (@xLl +Ml)
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Ll = 2(n− l − 1)
l−1∑
k=1










kijuiuj − (n− 2l − 1)u2l
We take the q = 2 A(1)n (p = 2) integrable model dened by the above system of equations
as a representative of A(1)n (p = 2) positive grade q  2 dyonic hierarchy to further study
the relation between its soliton solutions with the 1-solitons (3.14)-(3.18) of q = −1 dyonic
model.
The simplest case n = 3 should be treated separately. Taking D
(s)




2 (n = 3) = (3 − 1) H(1)
D
(1)









2 (n = 3) = (@xq1 + q1u)E
(0)
1 − (@xq3 + q3u)E(0)3 − (@xr1 − r1u)E(0)−1
+ (@xr3 − r3u)E(0)−3 +
1
2
(r1q1 − r3q3)h(0)2 (5.9)
we get the explicit form (5.15) of the equations of motion for the A
(1)
2 (p = q = 2) nonrela-
tivistic IM.
5.2 Charged 1-solitons of q = 2 model
The construction of the soliton solutions for each member of An(p = 2; q) hierarchy by
vertex operator method is quite similar to the q = −1 case described in Section 4. The main









(for q = 2 D
(2)
2 is given by grade 2 constant element (5.7)) and in the choice of new set
of Tvg
(1)T−1v -matrix elements (dierent from (4.7) for q = −1 case) representing "physi-
cal elds" ra; qa; ul. Note that the form of g
(1) (say (4.18-4.21)) remains unchanged since
[D(q)q ; ] = 0, henceforth they share the same set of eingenoperators (4.12), (4.13). Following
the dressing procedure of Sect. 4:1 we nd for q = 2 model:
ev(0) = B; (@xB)B






−l+1 − r1E(0)−1−2 + rnE(0)−n−1−n
+ q1E
(−1)
1+:::+n−1 − qnE(−1)2+:::+n + @x~E(−1)2+:::+n−1 +WE(−1)1+:::+n (5.11)
where W (t; x) is an arbitrary function since E
(−1)
1+:::+n 2 Ker (ad+); ~ =  − 2xt. Taking
into account the explicit form (5.11) of v(0); t(−1) and  (and the denition of the highest
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weight states jj >;< j j) we consider appropriate matrix elements of eqs. (4.5) in order to
extract the −functions representing ra; qa; ul:
0  e˜ = < 0jTvg(1)Tv−1j0 >;
1;(n−1)  −q1e˜ = < 0jE(1)−1−:::−n−1Tvg(1)T−1v j0 >;
2n  qne˜ = < 0jE(1)−2−:::−nTvg(1)T−1v j0 >;
12  r1eΦ(1) = < 1jE(0)1+2Tvg(1)T−1v j1 >
n−1;n  −rneΦ(n) = < njE(0)n−1+nTvg(1)T−1v jn >;




1R1 + 1  nRn + ~; (n) = 2nRn + 1  nR1 + ~
(l) = ’l−1 + l  1R1 + l  nRn + ~; l = 2;    ; n− 1
l  n = l
n+ 1
; 1  l = n+ 1− l
n + 1
(5.13)
Therefore the soliton solutions of A(1)n (p = 2; q = 2) IM (5.8) can be written in terms of the















; l = 1; 2; : : : ; n− 2: (5.14)
It remains to calculate the matrix elements (5.12) for say, g(1) represented by 4-vertex describ-
ing (Q1; Qn)-charged 1−soliton. We shall present here the explicit form of this (4−vertex)
solution for the simplest case n = 3; q = 2 only, since the general case of U(1)U(1)-charged
1-soliton of An(p = 2; q = 2) system (5.8) n = 3; 4; : : : will be derived in Sect. 5:3 by applying
the vacua Backlund transformation method of Sect. 3. For n = 3 the system (5.8) gets the
following simple form (t = t2):
@tq1 − @2xq1 + q1@xu+ q1u2 + r1q21 + r3q1q3 = 0
@tr1 + @
2
xr1 + r1@xu− r1u2 − r21q1 − r1r3q3 = 0
@tq3 + @
2
xq3 − q3@xu− q3u2 − r3q23 − r1q1q3 = 0
@tr3 − @2xr3 − r3@xu+ r3u2 + r23q3 + r3r1q1 = 0
@tu+ @x (r1q1)− @x (r3q3) = 0 (5.15)




0 = 1 + (c12b1b2 + c34b3b4) 12
2 = 1 + (d12b1b2 + d34b3b4) 12
1;n−1 = b1f11 1;2 = b2e22











(γ1 − γ2)2(γ1 + γ2) = d34; c34 =
2γ21γ2
(γ1 − γ2)2(γ1 + γ2) = d12
f1 =
p
2γ1 = g3; e2 =
p
2γ2 = i4 (5.18)
The above solution is a particular case of the more general (4-parameter γi) 4-vertex (2-
soliton) solution, given by eq. (7.2)- (7.6) of the Appendix. The restrictions
γ1 = γ3; γ4 = γ2 γ1 = −γ2 = eB+i (5.19)
we have imposed on it, ensure that the solution (5.16-5.19) represents nite (positive) energy
(Q1; Qn)-charged topological 1−soliton, as we shall show in next section 5:4. One can easily
verify by susbstituting ra; qa; u (5.14) (written in terms of −functions (5.16) or (7.2)) in
the system (5.15) that they indeed satisfy equations (5.15), i. e. that −function method
provides solutions of this system. It is important to note that for n = 3 and q > 2 arbitrary
integer (i. e. A
(1)
3 (p = 2; q) IM) the form of the corresponding 1−soliton solutions is the





have been changed to:

(q)
1 (γ) = e
−xγ+tqγq ; (q)2 (γ) = e
xγ−tqγq (5.20)
The system of equations for A
(1)
3 (p = 2; q = 2) model is indeed of order q in @x (i. e. the
higher derivative is @qx) and involves more products of derivatives terms then q = 2 system
(5.15).
5.3 1-Soliton relations: q = 2 vs. q = −1 solitons
The common graded algebraic structure of q = −1 and q = 2 A(1)n (p = 2) integrable models
address the question whether one can construct q = 2 solitons in terms of corresponding




bF (γ)T−1v (q) = e
bq(γ)F (γ); q = −1; 2














and remembering that F (γ) = f F1;l; ~F1;l; Fa;γ ; Fg do not depend on q, we observe that the
only dierence between q = −1 and q = 2 −functions (4.7), (5.12) is in the factors q(γ).
Therefore the simple change of variables




transforms the q = −1 −functions in the corresponding q = 2 ones. The problem however
is that q = 2 elds ra(x; t); qa(x; t); ul(x; t) and q = −1 ones  a(z; z); a(z; z); ’l(z; z) are
represented by dierent sets of G0− −functions. This reflects the fact that by denition
q = 2 eld variables parametrize the G0-algebra












l+1 + @x~c (5.23)

















In order to make this relation explicit we introduce the q = −1 G0-WZW currents ~ra(z; z),















and realize them in terms of  a(z; z); a(z; z); ’l(z; z); Ra(z; z):





















R1f@1 − 1 @’1
− e−’121 @ 1 +
1
2





Rnf@n − n @’n−2
− e−’n−22n @ n +
n
2
(1 +  nne
−’n−2)@Rng (5.26)
For (Q1; Qn)-1−solitons (i.e. 4-vertex solution) the complicated ~ra; ~qa expressions consider-

























−’n−2− 12Rn+ 1n+1 (R1−Rn) (5.27)
Since by denition we have
qa(x; t) = ~qa(z ! x; z
γ
! tγ2)
ra(x; t) = ~ra(z ! x; z
γ
! tγ2)




once the q = −1 one-soliton solution is known (3.14), (3.15), (3.18) , then eqs. (5.27)
(together with the change of variables (5.22)) determine the corresponding q = 2 one-soliton
solution. The same is true for generic (say, multisoliton) solutions , but in this case one
has to use more complicated relations (5.26) between G0-currents ~ra; ~qa; ~ul and G0-elds
 a; a; ’l; Ra . Let us consider the simplest case of n = 3 in order to demostrate the relation
(5.27) between q = 2 and q = −1 one-solitons established above. We take q = 2 (n = 3)
1−soliton in the form (5.14) with −functions given by eqs. (5.16), (5.18), (5.19). We next
change the variables x; t2 to z; z (and  that appears in (γ) according to eqs. (5.22)).
Finally we apply eqs. (5.27) replacing  a; a; ’1 = ’;Ra; (a = 1; 3) by its explicit form of
q = −1 model one-solitons (3.13)-(3.18). As a result we nd the following expresions of the
q = 2 one-soliton parameters bi(i = 1; 2; 3; 4) in terms of the q = −1 ones D; d1; d2; 2 =
d1 + d2; ; p1:
b1 = b3e











and the inverse relations:
b = b1b2(1 e2); b = b1b2  b3b4
e−2 =
b+ + b−
b+ − b− ; D =
b+ + b−
b+ − b− e
i − e−i; e−2ip1 = b1
b2
ei (5.29)
and the appropiate choice of the soliton center of mass X0. Similar relations between the
charged 1−solitons of q = 2 and q = −1 An(p = 1) dyonic models (with one U(1) symmetry)
have been established in our recent paper [17].
5.4 Conserved charges
As in the relativistic q = −1 A(1)n (p = 2) model (1.2) (see Section 3:3) the soliton spectrum
of q = 2 A(1)n (p = 2) IM (5.8) is determined by the rst few conserved charges (out of
the innite set of commuting charges) namely-"topological charges (fluxes)" Ql, "particle
density" ~Q0, momenta P, energy E . They all indeed depend on the asymptotic values of
G0-group element elds: ~ a; ~a; ~’l; ~Ra at x! 1 only. Since the boundary values of ~’l and
~Ra; ( ~ a(1) = ~a(1) = 0) and ~ra(1) = ~qa(1) = 0 dene completely the topological
charges ~Ql, as in the q = −1 case all the other charges appears to be certain functions of
these ~Ql and the soliton velocity γ. The problem we address in this section is (a) to calculate
these charges for our 1−soliton solutions and (b) to nd the explicit relation between the
conserved charges of q = −1 and q = 2 IM’s. First step is to derive the An(p = 2; q = 2) IM
conserved currents. According to its equations of motion (5.8) the elds ul represents the
simplest conserved currents




Taking into account the eqs. (5.8) once more one can easily verify that






denes the "particle density" conserved current. The momenta and energy densities have
more complicated form and for n = 3 model (see eqs.(5.15)), they are given by:
Tx = r1@xq1 − q1@xr1 − r3@xq3 + q3@xr3 − 2u(r1q1 − r3q3); P =
∫
dxTx







(u2 + r1q1 + r3q3)
2 + 2r1q1r3q3
+ u(r1@xq1 − q1@xr1 + r3@xq3 − q3@xr3); E =
∫
dxTt (5.32)
The systematic way of deriving all the conserved currents (higher Hamiltonians) as well as
their representations as total @x-derivatives consists in applying the dressing transformations
(4.1) to calculate certain traces of t(−k) (remember − = 1i=0et(−i)). Starting from the vacua
dressing:
+ + @BB
−1 = +−1 + (@−)−1− (5.33)
and writting it grade by grade (i.e. expanding in −k) we obtain:
@BB−1 = [t(−1); +] = A0; (5.34)
[+; t(−2)] = −1
2
[A0; t(−1)] + @t(−1); (5.35)
[+; t(−3)] = − [A0; t(−2)]− 1
6











trA20 = @xTr(+t(−1)) (5.37)





ul)− (n− 1)@2x~ (5.38)
One can continue this procedure and to determine t(−2) from (5.35), substituting it in eq.
(5.36) and by taking trace with b
(2)
2 from eq. (5.7) (and eqn. (5.9) for n = 3 case) to derive
the explicit form of Tx, etc.
We next consider the problem of calculation of q = 2 model (5.8) conserved charges
~Ql and ~Q0 and their relation to q = −1 model (1.2) charges Qmag; Q1; Qn and E; P;M .
According to eq. (5.34) we have






~Rn); @ = @x (5.39)
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~N; ~Ra(1) = 2

~f(a) (5.40)
We have assumed that for t (and t2) xed (say to zero) the x ! 1 limits of the elds
~’l(x2; t2); ~Ra(x2; t2) and ’l(z; z); Ra(z; z) do coincide. As a result we realize ~Ql in terms of
the q = −1 topological and electric charges Qmag; Q1; Qn (2.25), (2.31) as follows
~Ql =
1
2(n− 1) [l(4j’ −Q1 +Qn) + (n− 1)Q1] (5.41)
In order to calculate ~Q0 and its relation with E; P;M of the q = −1 model, we represent T0
(5.31) as total (@x  @) derivative by applying 1st order soliton equations(3.3) and ra; qa; ul $


















where Vrel is the potential V
(p=2)




(5.42) as a result of simple rescaling







We next remind the form of the q = −1 model stress tensor (T00; T01) derived in Sect. 3:








e−Φk + 2 ~ n ~n)








e−Φk + 2 ~ n ~n) (5.44)
where we have used the relation
1
γ
F− + γF+ = (n− 1)c0 (5.45)




T00dx = −γ(γ + 1
γ
) ~Q0; P =
∫











dx2@x2 ~F ; ~F =
n−1∑
k=1
e−Φk + 2 ~ n ~n (5.46)




)1=2; vrel = thb (5.47)
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4(n− 1) j (5.48)





suggests that it can be realized in terms of the ul−charges ~Ql only. We next observe that
~Q1 − ~Qn−2 = n− 3
2(n− 1)(
2
0Qmag −Q1 +Qn) (5.50)






2(n− 3) j (5.51)
For particular case n = 3 the analog of the above relation include also the additional non-





+ − f (1)− ) :










The complete 1−soliton spectrum ( ~Ql; ~Q0;P; E) of q = 2 model (5.8) requires the evaluation
of the soliton momenta P and energy E (5.32) as well. The same procedure (1st order soliton
equations etc.) we have used in ~Q0 calculation can be applied to the Tx and Tt. We shall
present the complete soliton spectrum of our q = 2 A(1)n (p = 2) IM’s in future publication.
6 Towards the classification of Dyonic IMs
We have established in Sect.1 and 2, that the specic choice of the A(1)n graded structure
(Q; ;G00 ) (2.9) giving rise to the dyonic A(1)n (p = 2) IM (1.2) led to topological solitons
carrying internal (Noether) charges U(1) ⊗ U(1). They appear as natural generalization of
the simplest A(1)n (p = 1) dyonic IM (1.1) (see refs. [7], [8]) and correspond to a particular
member of a U(1)p-dyonic family of IMs A(1)n (p); p = 1; 2;   n − 1 . Consider for example
the NA-Toda models dened by the graded structure similar to (2.7) i.e.

















Since the zero grade subalgebra G0 is given by
G0 = SL(2)p+1 ⊗ U(1)n−p−1; G00 = U(1)p+1 (6.3)
the eld content of the corresponding G00 -gauged IM consists in (p+1)-pairs of charged elds
 a; a; a = 1; 2;   p + 1 and n− p− 1 neutral elds ’l; l = 1; 2;   n− p− 1. The eective
action for this model can be derived using the methods described in Sect.2. The potential
have n− 2p− 1 distinct zeros (for imaginary coupling) and the IM admits U(1)p+1-charged
topological solitons.
Having constructed the U(1)p+1 dyonic IM A(1)n (p); 1  p  n − 1 with abelian internal
symmetry, question of constructing IM with non abelian internal structure arises naturaly. It
is clear that one has to choose Q and  such that G00 2 G0 is non abelian. For an appropriate
choice of potential, the model describes topological solitons carrying non abelian charges
(isospin). The simplest case is to consider G00 = U(2) 2 G0 = SL(3) ⊗ U(1) obtained by
decomposing the A(1)n algebra by the grading operator,
Q = (n− 1)d+
n∑
i=3






where G00 = fE(0)1 ; 1 H; 3 Hg. The model represent the SL(3)=SL(2) analog of the com-
plex sine-Gordon (SL(2)=U(1)) interacting with A
(1)
n−2 abelian ane Toda model. Similarly
to the Lund-Regge model (complex sine-Gordon) the new ingredient - SL(3)=U(2) integrable
model is dened by the homogeneous gradation of A
(1)
2 ,
Q = d;  = 2 H(1); G00 = fE(0)1 ; h1; h2g (6.5)
Its eective action can be obtained by considering the A
(1)
2 two-loop gauged WZW model and
applying the methods described in Sect. 2.1. We take eqns. (2.1)with A = A1 + A0; A =




; A1 = a1E
(1)
−1 ;
A0 = a011 H + a02(2 − 1) H; A0 = a011 H + a02(2 − 1) H (6.6)
and gf0 = e
1E−α2+2E−α1−α2e 1Eα2+ 2Eα1−α2 . We next perform the Gaussian functional inte-






The eective action for the SL(3)=U(2)- model obtained in this way has the form
















where V = 2
3
+  11 +  22;  = (1 +  11)





As in the complex sine-Gordon case, the form of the potential V is an indication that the
IM (6.7) can have only non topological solitons carrying U(2) Noether charges. Hence this
model is not of dyonic type. The A(1)n (U(2)); n > 3 IMs dened by grading (6.4) representing
the A
(1)
n−2 abelian ane Toda model interacting with the model (6.7) are however of dyonic







e−kij’j + e(’1+’n−2) + e’1( 11 +  22)− n + 1
)
for imaginary couplings  ! i0 shows n − 1 distinct zeros and therefore as in A(1)n (p)
dyonic models one expects to have topological solitons but now with U(2) internal degrees
of freedom. The explicit construction of such topological solitons with U(2) isospin can be
obtained by applying the methods of Sect. 3 and 4.
The nonabelian dyonic models A(1)n (U(2)) described above represents the simplest member
of the vast family of dyonic models A(1)n (As); 1  s  n−1, i.e. with G00 = U(s+1), dened
by the graded structure
Qs = (n− s)d+
n∑
i=s+2








and G0 = SL(s + 2) ⊗ U(1)n−s−1; G00 = U(s + 1). An interesting open problem for both
abelian A(1)n (p) and nonabelian A
(1)
n (U(2)) dyonic IMs is the description of their soliton
spectrum when only part of G00 is gauge xed. An example with one local and one global
U(1) symmetries is given by eqns. (1.7). Our analysis shows that together with the solitons
of the completely gauged G00 model (1.2) they admit a new type of nite energy solutions
(including massless solutions). The complete discussion of the soliton spectra of these models
will be presented elsewhere.
It is worthwhile to mention in conclusion that an important string/gauge theory mo-
tivation for studying charged topological solitons of the above abelian and nonabelian dy-
onic IMs (and their N = 2 SUSY versions) is that they are expected to describe charged
DW of d = 4; SU(n + 1) N = 1 SYM for nonmaximal breaking of the gauge symmetry
SU(n + 1) ! SU(s)⊗ U(1)n−s+1; s = 2; 3;   n [11].
7 Appendix. Two-Soliton Solution
The generic 4− vertex solution of equations (5.15) can be extracted from eqs. (5.12),(5.14)







where F11(γ); ~F11(γ) are given by eqs. (4.13) (for n = 3). By calculating the matrix elements
(5.12) we obtain the following explicit form of the G0− −functions7 (and therefore of ra; qa
7We have determined such solution using the Mathematica program of ref. [29]
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and u according to eqs. (5.14)):
0 = 1 + b1b2c1212 + b3b4c3434
+ c12341234b1b2b3b4
2 = 1 + b1b2d1212 + b3b4d3434
+ d12341234b1b2b3b4
n−1;n = (g3 + b1b2g12312)3b3
2n = (i4 + b1b2i12412)4b4
12 = (e2 + b3b4e23434)2b2
















(γ1 − γ2)2(γ1 + γ2) ; c34 =
2γ23γ4
(γ3 − γ4)2(γ3 + γ4)
d12 =
2γ21γ2










3γ4(γ1 − γ3)(γ2 − γ4)




4(γ1 − γ3)(γ2 − γ4)


































(γ1 + γ2)(γ1 − γ4)(γ1 − γ2)2 (7.6)
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It is worthwhile to note again that the 4-vertex solution for arbitrary q > 2 integer A
(1)
3 (p =
2; q) model have the form identical to the q = 2 one (7.2), (7.6) with i(γi) replaced by, say

(q)
1 (γ) = e
−xγ+tqγq ; etc: (7.7)
For the specic choice of γi, namely
γ1 = −eB1−i1 = −γ2 ; γ3 = −eB2−i2 = −γ4
the above four vertex solution has real energy and momenta and thus represents charged
two-soliton solution, where Bi(vi = th(Bi)) are the two independent rapidities (velocities) of
the 2-soliton and i are related to the Q1; Qn charges. As it was demonstrated in Sect. 5.2,
the limit when B2 = B1, 2 = 1 leads to the charged 1-soliton solution (5.16).
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